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Infrared regulators and SCETII
Christian W. Bauer,∗ Matthew P. Dorsten,† and Michael P. Salem‡
California Institute of Technology, Pasadena, CA 91125
We consider matching from SCETI , which includes ultrasoft and collinear particles, onto
SCETII with soft and collinear particles at one loop. Keeping the external fermions off their mass
shell does not regulate all IR divergences in both theories. We give a new prescription to regu-
late infrared divergences in SCET. Using this regulator, we show that soft and collinear modes in
SCETII are sufficient to reproduce all the infrared divergences of SCETI . We explain the relation-
ship between IR regulators and an additional mode proposed for SCETII .
I. INTRODUCTION
Soft-collinear effective theory [1, 2, 3, 4] describes the interactions of soft and ultrasoft (usoft) parti-
cles with collinear particles. Using light-cone coordinates in which a general four-momentum is written as
pµ = (p+, p−, p⊥) = (n·p, n¯·p, p⊥), where n and n¯ are four-vectors on the light cone (n2 = n¯2 = 0, n · n¯ = 2),
these three degrees of freedom are distinguished by the scaling of their momenta:
collinear: pµc ∼ Q(λ2, 1, λ),
soft: pµs ∼ Q(λ, λ, λ),
usoft: pµus ∼ Q(λ2, λ2, λ2).
(1)
The size of the expansion parameter λ is determined by the typical off-shellness of the collinear particles in a given
problem. For example, in inclusive decays one typically has p2c ∼ Q2λ2 ∼ QΛQCD, from which it follows that
λ =
√
ΛQCD/Q. For exclusive decays, however, one needs collinear particles with p
2
c ∼ Λ2QCD, giving λ = ΛQCD/Q.
One is usually interested in describing the interactions of these collinear degrees of freedom with non-perturbative
degrees of freedom at rest, which satisfy pµ ∼ (ΛQCD,ΛQCD,ΛQCD). Thus inclusive processes involve interactions
of collinear and usoft degrees of freedom, while exclusive decays are described by interactions of collinear and soft
degrees of freedom. The theory describing the former set of degrees of freedom is called SCETI , while the latter
theory is called SCETII [5].
Interactions between usoft and collinear degrees of freedom are contained in the leading-order Lagrangian of SCETI ,
LI = ξ¯n
[
in·D+ iD/⊥c
1
in¯·Dc iD/
⊥
c
]
n¯/
2
ξn , (2)
and are well understood. The only interaction between collinear fermions and usoft gluons is from the derivative
iDµ = iDµc + gA
µ
us . (3)
These interactions can be removed from the leading-order Lagrangian by the field redefinition [4]
ξn = Ynξ
(0)
n , An = YnA
(0)
n Y
†
n ,
Yn(x) = P exp
(
ig
∫ 0
−∞
ds n·Aus(x + ns)
)
. (4)
However, the same field redefinition has to be performed on the external operators in a given problem, and this
reproduces the interactions with the usoft degrees of freedom. Consider for example the heavy-light current, which
in SCETI is given by
JIhl(ω) =
[
ξ¯nWn
]
ω
Γhv , (5)
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2where hv is the standard field of heavy quark effective theory [6], the Wilson line Wn is required to ensure collinear
gauge invariance [3] and ω is the large momentum label of the gauge invariant [ξ¯nWn] collinear system. Written in
terms of the redefined fields, this current is
JIhl(ω) =
[
ξ¯(0)n W
(0)
n
]
ω
Γ
[
Y †nhv
]
. (6)
For exclusive decays, we need to describe the interactions of soft with collinear particles. This theory is called
SCETII [5]. Since adding a soft momentum to a collinear particle takes this particle off its mass shell (pc + ps)
2 ∼
(Qλ,Q,Qλ)2 ∼ Q2λ ∼ QΛQCD, there are no couplings of soft to collinear particles in the leading-order Lagrangian.1
Thus, the Lagrangian is given by [8, 9]
LII = ξ¯n
[
in·Dc + iD/⊥c
1
in¯·Dc iD/
⊥
c
]
n¯/
2
ξn . (7)
In this theory, the heavy-light current is given by
JIIhl (ω, κ) =
[
ξ¯(0)n W
(0)
n
]
ω
Γ
[
S†nhv
]
κ
, (8)
where Sn is a soft Wilson line in the n direction defined by
Sn(x) = P exp
(
ig
∫ 0
−∞
ds n·As(x+ ns)
)
. (9)
This is the most general current invariant under collinear and soft gauge transformations.
This paper is organized as follows: We first consider matching the heavy-light current in SCETI onto the heavy-light
current in SCETII using off-shell fermions. While the terms logarithmic in the off-shellness do not agree in the two
theories, we argue that this is due to unregulated IR divergences in SCETII . We then discuss IR regulators in SCET
in more detail. We first identify the problems with SCET regulators and then propose a new regulator that addresses
these issues. Using this regulator we then show that soft and collinear modes in SCETII are sufficient to reproduce
the IR divergences of SCETI and explain the relationship between IR regulators and an additional mode proposed
for SCETII [9].
II. MATCHING FROM SCETI ONTO SCETII
The only difference between SCETI and SCETII is the typical off-shellness of the collinear degrees of freedom in the
theory. The theory SCETI allows fluctuations around the classical momentum with p
2
c ∼ QΛQCD, while the theory
SCETII allows fluctuations with only p
2
c ∼ Λ2QCD. Since both theories expand around the same limit, SCETII can be
viewed as a low energy effective theory of SCETI . Therefore, one can match from the theory SCETI onto SCETII by
integrating out the O(√QΛQCD) fluctuations.
To illustrate this matching, we consider the heavy-light current. Using the definitions of this current given in
Eqs. (5) and (8), we can write
JIhl(ω) =
∫
dκ C(ω, κ) JIIhl (ω, κ) . (10)
At tree level one finds trivially
C(ω, κ) = 1 . (11)
In fact, this Wilson coefficient remains unity to all orders in perturbation theory, as was argued in Ref. [7].
To determine the matching coefficient at one loop, we calculate matrix elements of the current in the two theories.
There are two diagrams in SCETI , shown in Fig. 1. For on-shell external states, we find for the two integrals
iAIa = g2CFµ
4−d
∫
ddk
(2π)d
1
[−n·k + i0][−v ·k + i0][k2 + i0] , (12)
iAIb = 2g2CFµ
4−d
∫
ddk
(2π)d
n¯·(pc − k)
[−n¯·k + i0][k2 − 2pc ·k + i0][k2 + i0] . (13)
1 At higher orders, higher dimensional operators with at least two soft and two collinear particles can appear.
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FIG. 1: Diagrams in SCETI contributing to the matching. The solid square denotes an insertion of the heavy-light current.
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FIG. 2: Diagrams in SCETII contributing to the matching.
The diagrams in SCETII are shown in Fig. 2. For on-shell external states the two integrals are exactly the same as in
SCETI :
iAIIa = g2CFµ
4−d
∫
ddk
(2π)d
1
[−n·k + i0][−v ·k + i0][k2 + i0] , (14)
iAIIb = 2g2CFµ
4−d
∫
ddk
(2π)d
n¯·(pc − k)
[−n¯·k + i0][k2 − 2pc ·k + i0][k2 + i0] . (15)
Since the integrands are exactly the same, the loop diagrams will precisely cancel in the matching calculation. Thus
we find that the Wilson coefficient C(ω, κ) remains unity, even at one loop. This confirms the arguments in [7] to this
order.
The fact that both of these integrals are scaleless and therefore zero might bother some readers. The vanishing of
these diagrams is due to the cancellation of collinear, infrared (IR) and ultraviolet (UV) divergences. Introducing an
IR regulator will separate these divergences, and the UV will be regulated by dimensional regularization. In Ref. [1]
a small off-shellness was introduced to regulate the IR divergences of SCETI . In Refs. [9] the divergence structure of
SCETII was studied keeping both the heavy and the collinear fermions off-shell. Using this IR regulator, the authors
of Refs. [9] argued that SCETII does not reproduce the IR divergences of SCETI and introduced a new mode in
SCETII to fix this problem. To gain more insight into their argument, we will go through their calculation in some
detail.
In SCETI the first diagram is
AIapc = −ig2CFµ4−d
∫
ddk
(2π)d
1
[p˜c − n·k + i0][v ·(ps − k) + i0][k2 + i0]
= −g
2CF
2π
(4π)1−d/2Γ
(
2− d
2
)
µ4−d
∫ ∞
0
dn·k (n·k − p˜c)−1 n·kd/2−2 (n·k − 2v ·ps)d/2−2
=
αsCF
4π
[
− 1
ǫ2
+
2
ǫ
log
−p˜c
µ
− 2 log2 −p˜c
µ
+ 2 log
(
1− 2v ·ps
p˜c
)
log
2v ·ps
p˜c
+ 2Li2
(
2v ·ps
p˜c
)
− 3π
2
4
]
, (16)
where d = 4− 2ǫ and
p˜c =
p2c
n¯·pc . (17)
In going from the first line to the second, we closed the n¯·k contour below, thus restricting n·k to positive values, and
4performed the Euclidean k⊥ integral. The second diagram gives
AIbpc = −2ig2CFµ4−d
∫
ddk
(2π)d
n¯·(pc − k)
[−n¯·k + i0][(k − pc)2 + i0][k2 + i0]
=
αsCF
4π
[
2
ǫ2
+
2
ǫ
− 2
ǫ
log
−p2c
µ2
+ log2
−p2c
µ2
− 2 log −p
2
c
µ2
+ 4− π
2
6
]
. (18)
In this diagram it is necessary to choose d < 4 for the k⊥ integral, but one requires d > 4 for the n¯ ·k integral. In
the former integral, dimensional regularization regulates the divergence at k⊥ = ∞, while in the latter it regulates
the divergence at n¯·k = 0. Both of these divergences have to be interpreted as UV, as discussed in section III. Each
diagrams contain a mixed UV-IR divergence of the form log p2c/ǫ. This mixed divergence cancels in the sum of the
two diagrams and we find, after also adding the wave function contributions,
AIpc =
αsCF
4π
[
1
ǫ2
+
2
ǫ
log
µ
n¯·pc +
5
2ǫ
+ log2
−p2c
µ2
− 2 log2 −p˜c
µ
− 3
2
log
−p2c
µ2
− 2 log −2v ·ps
µ
+2 log
(
1− 2v ·ps
p˜c
)
log
2v ·ps
p˜c
+ 2Li2
(
2v ·ps
p˜c
)
+
11
2
− 11π
2
12
]
. (19)
This reproduces the IR behavior of full QCD.
Now consider the SCETII diagrams. The second is identical to the one in SCETI :
AIIbpc = A
Ib
pc . (20)
The first diagram, however, is different and we find
AIIapc = −ig2CFµ4−d
∫
ddk
(2π)d
1
[−n·k + i0][v ·(ps − k) + i0][k2 + i0]
= −g
2CF
2π
µ4−d
∫ ∞
0
dn·k
∫
dd−2k⊥
(2π)d−2
1
n·k (k2⊥ + n·k2 − 2v ·ps n·k)
= −αsCF
2π
(4π)2−d/2Γ
(
2− d
2
)
µ4−d
∫ ∞
0
dn·k n·kd/2−3(n·k − 2v ·ps)d/2−2 . (21)
Note that convergence of this integral at n ·k = ∞ requires d < 4, whereas convergence at n ·k = 0 requires d > 4.
In this case dimensional regularization is regulating both a UV divergence at n·k = ∞, as well as the divergence at
n·k = 0 , which is IR in nature, as we will discuss in section III. Using the variable transformation x = n·k/(n·k−2v·ps)
to relate this integral to a beta function [10] one finds
AIIapc =
αsCF
4π
[
1
ǫ2
− 2
ǫ
log
−2v ·ps
µ
+ 2 log2
−2v ·ps
µ
+
5π2
12
]
. (22)
Adding the two diagrams together with the wave function contributions gives
αsCF
4π
[
3
ǫ2
− 2
ǫ
log
2v ·ps p2c
µ3
+
5
2ǫ
+ log2
−p2c
µ2
+ 2 log2
−2v ·ps
µ
− 3
2
log
−p2c
µ2
− 2 log −2v ·ps
µ
+
11
2
+
π2
4
]
. (23)
We can see that in the sum of the two diagrams the terms proportional to log p2c/ǫ or log v·ps/ǫ do not cancel as they
did in SCETI . Furthermore, the finite terms logarithmic in p
2
c or v·ps do not agree with the corresponding terms in

k
→
FIG. 3: Contribution of the additional SCETII mode proposed in Refs. [9].
5the SCETI result. This fact prompted the authors of Refs. [9] to conclude that SCETII does not reproduce the IR
divergences of SCETII and that a new mode is needed in the latter effective theory. However, as we mentioned above,
there are problems with IR effects in this diagram. In fact, as we will show in great detail in the next section, the
off-shellness of the fermions does not regulate all IR divergences in this diagram. This means that the fact that the
terms logarithmic in the fermion off-shellness do not agree between SCETI and SCETII does not imply that the IR
divergences are not reproduced correctly since some 1/ǫ poles are IR in origin.
We also calculate the diagram in SCETII containing the additional mode proposed in Refs. [9]. The new messenger
mode has momenta scaling as pµsc ∼ (Λ2QCD/Q,ΛQCD,Λ3/2QCD/Q1/2). (Note that the invariant mass of this term satisfies
p2sc ≪ Λ2QCD.) The diagram is shown in Fig. 3 and we find
AIIcpc = −2ig2CFµ4−d
∫
ddk
(2π)d
1
[p˜c − n·k + i0][2v ·ps − n¯·k + i0][k2 + i0]
=
αsCF
4π
[
− 2
ǫ2
+
2
ǫ
log
2v ·ps p˜c
µ2
− log2 2v ·ps p˜c
µ2
− π
2
2
]
. (24)
Adding this term to the Eq. (23) cancels the terms proportional to log(2v ·ps p2c/µ3)/ǫ and we find
AIIpc =
αsCF
4π
[
1
ǫ2
+
2
ǫ
log
µ
n¯·pc +
5
2ǫ
+ log2
−p2c
µ2
− 3
2
log
−p2c
µ2
− 2 log −2v ·ps
µ
+2 log2
(−2v · ps
µ
)
− log2
(
2v · psp˜c
µ2
)
+
11
2
− π
2
4
]
. (25)
This result does not agree with the SCETI expression in Eq. (19). However, this is expected, since the off-shellness
in SCETII satisfies p˜c ≪ v ·ps. In this limit the SCETI result in Eq. (19) agrees with the result in Eq. (25).
III. INFRARED REGULATORS IN SCET
A. Problems with known IR regulators
One of the most important properties of SCETI is the field redefinition given in Eq. (4), which decouples the usoft
from the collinear fermions. It is the crucial ingredient for proving factorization theorems. Furthermore, only after
performing this field redefinition is it simple to match from SCETI onto SCETII , since one can identify the Wilson
line Yn in SCETI with the Wilson line Sn in SCETII . However, it is a well known fact that field redefinitions only
leave on-shell Green functions invariant [11]. Hence, the off-shellness of the collinear quark p2c used to regulate the
IR in SCETI takes away our ability to perform this field redefinition. Since no field redefinition is performed on the
heavy quark, one is free to give it an off-shellness.
IR divergences appear in individual diagrams, but they cancel in the set of diagrams contributing to a physical
observable. More specifically, the IR divergences in virtual loop diagrams are cancelled against those in real emissions,
which physically have to be included due to finite detector resolutions. From this it is obvious that the IR divergences
in the heavy-light current originate from regions of phase space where either the gluon three-momentum |k| or the
angle θ between the gluon and the light fermion goes to zero. Other divergences arise if the three-momentum of the
gluon goes to infinity or θ goes to π. These divergences are UV. To check if the IR divergences match between the
two theories one has to use an IR regulator that regulates all IR divergences in both theories. To get insight into
the behavior of the three-momentum and the angle, it will be instructive to perform the required loop integrals by
integrating over k0 using the method of residues, and then integrating over the magnitude of the three-momentum
and the solid angle. This will allow us to identify clearly the IR divergences as described above. Let us illustrate this
method by showing that all 1/ǫ divergences in the SCETI one-loop calculation of the previous section are UV. For
the first diagram we find
AIapc = −ig2CFµ4−d
∫
ddk
(2π)d
1
[p˜c − n·k + i0][v ·(ps − k) + i0][k2 + i0]
= −g
2CF
2
Ωd−2
(2π)d−1
µ4−d
∫ ∞
0
d|k||k|d−2
∫ 1
−1
dcos θ sind−4 θ
1
(|k|(1− cos θ)− p˜c) (|k| − v ·ps)|k| . (26)
Performing the remaining integrals, we of course reproduce the result obtained previously, but this form demonstrates
that all divergences from regions |k| → 0 and (1− cos θ)→ 0 are regulated by the infrared regulators and thus all 1/ǫ
divergences are truly UV.
6The second diagram is
AIbpc = −2ig2CFµ4−d
∫
ddk
(2π)d
n¯·(pc − k)
[−n¯·k + i0][(pc − k)2 + i0][k2 + i0]
= −2ig2CF [I1 + I2] , (27)
where I1 and I2 are the integrals with the n¯·p and the n¯·k terms in the numerator, respectively. The integral I2 is
standard and we find
I2 =
i
16π2
[
1
ǫ
− log −p
2
c
µ2
+ 2
]
, (28)
where ǫ regulates only UV divergences. For the first integral we again perform the k0 integral by contours and we
find
I1 =
in¯·pc
2
Ωd−2
(2π)d−1
µ4−d
∫ ∞
0
d|k||k|d−2
∫ 1
−1
dcos θ sind−4 θ
[
− 1
k2(1 + cos θ)[2|k|(p0 − |p| cos θ)− p2c ]
+
1
a[p0 + a+ |k| cos θ][2p20 + 2p0a− 2|k||p| cos θ − p2c ]
]
, (29)
where
pc = (p0,p) , a =
√
k2 + p2 − 2|k||p| cos θ . (30)
From this expression we can again see that all IR singularities from |k| → 0 and (1− cos θ)→ 0 are regulated by the
off-shellness, and all remaining divergences are UV. Note furthermore that in the limit |k| → ∞, with unrestricted θ,
the two terms cancel each other, so that there is no usual UV divergence. This agrees with the fact that there are five
powers of k in the denominator of the integrand in Eq. (27). However, in the limit |k| → ∞ with |k|(1+cos θ)→ 0 the
second term of Eq. (29) remains finite, whereas the first term develops a double divergence. Thus, it is this region of
phase space that gives rise to the double pole in this diagram. The presence of the square roots makes the evaluation
of the remaining integrals difficult, but we have checked that we reproduce the divergent terms of the result given in
Eq. (18).
From the above discussion it follows that the off-shellness of the external fermions regulates all the IR divergences,
and that the 1/ǫ divergences all correspond to divergences of UV origin. The situation is different in SCETII , since
the off-shellness of the light quark does not enter diagram (a). We find
AIIapc = −ig2CFµ4−d
∫
ddk
(2π)d
1
[−n·k + i0][v ·(ps − k) + i0][k2 + i0]
= −g
2CF
2
Ωd−2
(2π)d−1
µ4−d
∫ ∞
0
d|k||k|d−2
∫ 1
−1
dcos θ sind−4 θ
1
k2(1 − cos θ)(|k| − v ·ps) . (31)
The IR divergence originating from the limit (1− cos θ)→ 0 is not regulated by the off-shellness. Thus part of the 1/ǫ
divergences in Eq. (22) are of IR origin. In other words, the fact that the terms logarithmic in the off-shellness in the
SCETI amplitude Eq. (19) are not reproducing the corresponding terms in the SCETII amplitude Eq. (23) does not
imply that the IR divergences do not match between the two theories. In order to check whether the IR divergences
of the two theories match, one needs a regulator that regulates all IR divergences in both SCETI and SCETII .
As an alternative IR regulator one could try to use a small gluon mass. Consider the first diagram in SCETI again,
this time with a gluon mass. We find
AIam = −ig2CFµ4−d
∫
ddk
(2π)d
1
[−n·k + i0][v ·(ps − k) + i0][k2 −m2 + i0]
= −g
2CF
2
Ωd−2
(2π)d−1
µ4−d
∫ ∞
0
d|k||k|d−2
∫ 1
−1
dcos θ sind−4 θ
1
(k2 +m2 − v ·ps
√
k2 +m2)(
√
k2 +m2 − |k| cos θ) . (32)
Again, all divergences |k| → 0 and (1 − cos θ) → 0 are regulated by the gluon mass, but in the limit |k| → ∞ with
|k|(1 − cos θ)→ 0 the integrand becomes
|k|d−4 sind−4 θ
|k|(1 − cos θ) + m22|k|
, (33)
so that the term that could potentially regulate the (1− cos θ)→ 0 divergence goes to zero as |k| → ∞. This is why
a gluon mass cannot be used to regulate the IR of SCET.
7B. A new regulator for SCET
The gluon mass is not an appropriate IR regulator for SCET because it appears in the combination m2/|k| in the
expression (33). Instead of using a gluon mass, consider adding the terms 2
Lcreg = −
δ
2
AcµP¯Aµc
L(u)sreg = −
δ
2
A(u)sµ in¯·∂Aµ(u)s (34)
to the collinear and (u)soft gluon Lagrangians. Here, P¯ is the label operator which picks out the large momentum label
of the collinear gluon field. Both of these terms are generated if a similar term is added to the full QCD gluon action
before constructing SCET. Note that these terms preserve the invariance of the theory under the field redefinitions
given in Eq. (4).
The infinitesimal, dimensionful parameter δ suffices to regulate all IR divergences in SCET, unlike the gluon mass.
Following the same steps as in Eq. (32). We find
AIaδ = −
g2CF
2
Ωd−2
(2π)d−1
µ4−d
∫ ∞
0
d|k||k|d−2
∫ 1
−1
dcos θ sind−4 θ
8
b(δ + b)(δ + b− 2|k| cos θ) , (35)
where
b =
√
4k2 + δ2 + 4|k|δ cos θ . (36)
Obviously, the parameter δ regulates the divergences |k| → 0 and (1 − cos θ) → 0, just as the gluon mass did.
Expanding around the limit |k| → ∞ with |k|(1 − cos θ)→ 0 the integrand becomes
|k|d−4 sind−4 θ
|k|(1 − cos θ) + δ , (37)
and this IR region is therefore regulated as well. Even though δ is enough to regulate all IR divergences in SCET, we
will keep the heavy quark off its mass-shell for later convenience.
Performing the integrals using the method above is difficult. While performing the k0 integration using the method
of residues gives insight into the divergence structure of the loop integrals, it is simpler to perform the integrals using
the variables n·k and n¯·k instead. The first diagram in SCETI with this new regulator is then given by
AIaδ = −ig2CFµ4−d
∫
ddk
(2π)d
1
[−n·k + i0][v ·(ps − k) + i0][k2 − δn¯·k + i0]
= −g
2CF
2π
(4π)1−d/2Γ
(
2− d
2
)
µ4−d
∫ ∞
δ
dn·k n·k−1 (n·k − δ)d/2−2 (n·k − 2v ·ps)d/2−2
=
αsCF
4π
[
− 1
ǫ2
+
2
ǫ
log
δ
µ
− 2 log2 δ
µ
+ 2 log
(
1− 2v ·ps
δ
)
log
2v ·ps
δ
+ 2Li2
(
1− 2v ·ps
δ
)
− 3π
2
4
]
. (38)
Similarly, it is possible to show that the parameter δ regulates all IR divergences in the second diagram, for which we
find
AIbδ = −2ig2CFµ4−d
∫
ddk
(2π)d
n¯·(pc − k)
[−n¯·k + i0][k2 − 2k·pc + i0][k2 − δn¯·k + i0]
=
αsCF
4π
[
2
ǫ2
+
2
ǫ
− 2
ǫ
log
δ n¯·pc
µ2
+ log2
δ n¯·pc
µ2
− 2 log δ n¯·pc
µ2
+ 4− π
2
6
]
. (39)
2 An alternative regulator has been introduced in Ref. [12]. In that paper a quark mass is used in conjunction with an “analytic” regulator,
which regulates the (1− cos θ)→ 0 divergence. The conclusions about the soft-collinear mode in Ref. [9] are similar to the ones drawn
here. However, we believe that a regulator such as the one introduced here is advantageous, since it can naturally be defined at the level
of the Lagrangian, and a single dimensionful parameter regulates all IR divergences.
8The mixed UV-IR divergences cancel in the sum of the two diagrams,
AIδ =
αsCF
4π
[
1
ǫ2
+
2
ǫ
log
µ
n¯·pc +
5
2ǫ
+ log2
δn¯·pc
µ2
− 2 log2 δ
µ
− 3
2
log
δn¯·pc
µ2
− 2 log δ − 2v ·ps
µ
+2 log
(
1− 2v ·ps
δ
)
log
2v ·ps
δ
+ 2Li2
(
1− 2v ·ps
δ
)
+
11
2
− 11π
2
12
]
, (40)
and one can show that this result reproduces the IR behavior of full QCD.
Since the regulator is in the gluon action, it is the same for SCETI and SCETII , and the two diagrams in SCETII are
identical to those in SCETI since the integrands are exactly equal:
AIIδ = A
I
δ . (41)
Therefore, the IR divergences in SCETII are exactly the same as those in SCETI .
While in SCETI it is possible to choose the scaling δ ∼ Qλ2 such that both the contributions to the collinear and
the usoft gluon action are leading order in the power counting, the same is not true in SCETII . Choosing δ ∼ Qλ2
to make the IR regulator leading order in collinear gluon Lagrangian makes it suppressed by one power of λ in the
soft Lagrangian. This can be understood physically, since in going from SCETI to SCETII the typical scaling of the
(u)soft momenta remains of order ΛQCD, while the off-shellness of the collinear particles is lowered. However, the IR
divergence from n·k → 0 corresponds to (1 − cos θ) → 0, and the typical cutoff on (1 − cos θ) is set by the collinear
scales. Since n ·kc ≪ n ·ks it is natural that any cutoff κ regulating the n ·ks → 0 divergence will satisfy κ ≪ n ·ks.
This is not a problem, since the IR regulator does not introduce a new scale into the effective theory.
If one insists on keeping the scaling manifest, one is forced to drop the regulator term in the soft gluon Lagrangian.
In this case, the diagram (a) in SCETII no longer includes the IR regulator δ and is therefore not regulated properly.
The calculation then reduces to the result given in Eq. (22). Part of the 1/ǫ divergences in this result are from true
UV divergences, but others are due to the unregulated (1− cos θ)→ 0 IR divergences, which arise from physics at the
scale n·k ∼ Qλ2. These IR divergences can be recovered by adding a diagram containing a gluon scaling as n·k ∼ Qλ2,
n¯·k ∼ Qλ. Requiring n·k n¯·k ∼ k2⊥, this is the soft collinear messenger mode introduced in [9]. The resulting diagram
(c) gives
AIIcδ = −2ig2CFµ4−d
∫
ddk
(2π)d
1
[−n·k + i0][2v ·ps − n¯·k + i0][k2 − δn¯·k + i0]
=
αsCF
4π
[
− 2
ǫ2
+
2
ǫ
log
−2v ·ps δ
µ2
− log2 −2v ·ps δ
µ2
− π
2
2
]
. (42)
Adding all the diagrams we find
αsCF
4π
[
1
ǫ2
+
2
ǫ
log
µ
n¯·pc +
5
2ǫ
+ log2
δn¯·pc
µ2
− 3
2
log
δn¯·pc
µ2
− 2 log −2v ·ps
µ
+2 log2
(−2v · ps
µ
)
− log2
(−2v · psδ
µ2
)
+
11
2
− π
2
4
]
, (43)
which again reproduces the SCETI result for δ ≪ v ·ps. From this discussion it follows that the presence of the
soft collinear messenger mode depends on the precise implementation of the IR regulator in the theory. Since the
definition of an effective theory should be independent of the regulator used for an explicit calculation, one can view
the soft-collinear messenger mode as part of the IR regulator.
The term added to the gluon Lagrangian breaks gauge invariance. However, in this regard it is on the same footing
as a gluon mass. Since the coupling of gluons to fermions is via a conserved current, this breaking of gauge invariance
is only a problem once gluon self-interactions are taken into account. For the renormalization of operators such as
the heavy-light current considered in this paper, this only arises at the two loop level. In matching calculations, the
IR divergences always cancel. Hence any IR regulator, including the one proposed here is applicable to matching
calculations at any order in perturbation theory. More care has to be taken when using this regulator to calculate
operator mixing, and in this case gauge non-invariant operators have to be included beyond one loop order. The main
advantage of the new regulator is that it preserves invariance of SCETI under the field redefinition given in Eq. (4).
IV. CONCLUSIONS
We have considered the matching of the heavy-light current in SCETI onto the corresponding current in SCETII ,
in particular addressing the question whether all long distance physics in SCETI is correctly reproduced in SCETII .
9Using the off-shellness of the external heavy and light fermions, it was argued in Refs. [9] that a new collinear-soft
messenger mode is required in SCETII to reproduce all the long distance physics of SCETI . Regulating the IR in
SCETII with an off-shellness is problematic, since the off-shellness prevents performing the field redefinition required to
decouple the usoft gluons from the collinear particles, which allows the matching onto SCETII easily. In this paper we
investigated the relationship between IR regulators and the definition of SCETII . By performing the k0 loop integral
by contours and then writing the remaining integrals as d|k| d cos θ, we showed explicitly that the off-shellness leaves
the IR angular divergence (1− cos θ)→ 0 unregulated in SCETII .
We then introduced a new regulator for SCET that regulates soft (|k| → 0) and collinear (cos θ → 1) IR divergences
in both SCETI and SCETII . This regulator modifies the gluon action, much like a gluon mass, and thus preserves the
field redefinition required to decouple usoft gluons from collinear particles in SCET. Using this regulator, we showed
explicitly that SCETII as formulated in Refs. [4, 7] reproduces all the IR divergences of SCETI . We also argued
that any cutoff κ regulating the collinear divergence has to satisfy κ ≪ n·ks. Regulating SCETII this way therefore
naturally requires keeping a formally subleading regulator in the theory.
We also showed that a soft-collinear messenger mode is required in the definition of the IR regulator if one insists
on power counting the regulator in the same way as kinetic terms in the action. In this case, there are unregulated
IR divergences left in soft diagrams, which are corrected by additional contributions from the soft-collinear mode.
The new regulator introduced in this paper preserves the invariance of SCETI under the field redefinitions (4), and
is therefore useful in studying factorization theorems beyond tree level.
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